Chapter Four

Discrete Fourier Transform

1-1 Introduction

The Discrete Fourier Transform (DFT) may be regarded as a logical
extension of the Discrete-Time Fourier Transform (DTFT). By sampling the
DTFT X (Q) at uniformly spaced frequencies (1 = 2nk/N, where k = 0, 1, 2...
N—1, we can define the DFT of x[n]. Let x[n], n = 0, 1, 2... N—1, be an N-point
sequence. We define the DFT of x[n] as

N-1

X[K1= ) alnle ™™, k=012, N-I

n=0

The DFT can be represented by the operator “F” the opposite of it is the

Inverse Discrete Fourier Transform (IDFT) denoted by F-1as:

=
DFT: X[k]= Flx{n]]= ) x[n]e”*™""
IDET: x[n] = I:X[k X[k j2mnk/N
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Now for simplicity, we can use Matrices to calculate both DFT and IDFT. To

do that we need to define the Twiddle factor “W” which is:

Wy = e J2™/N now the equation of the DFT becomes:

N-1 N-1
1
X(k) = z x(n) WX and IDFTis:  x(n) = Nz X (k) Wyt
n=0 k=0

Wheren=0,1, 2, ..., N-1

Prob. 1 :  Obtain DFT of unit impulse & (n).
Soln. :
Here x(n) = d(n)

According to the definition of DFT we have,

N-1 j2nkn /N
X(k) = ¥ x(n)e”
- 8 (n)
n=0 |
But S(n') = 1 only atn =0, L
It is shown in Fig. F-2 ,
Thus Equation  becomes, n=0
X(k) = 8(0)el=1 Fig. F-2
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Prob. 2 :  Obtain DFT of delayed unit impulse & (n - Ny ).

samples.

Soin. : We know that 8 (n—n,) indicates unit impulse delayed b}f ‘ny’
Here x(n) = S(In—no')
| CON-1
Now we have, X (k) = Z x(mn) g~ J2mkan/N
n=0 ' 8 (n-ng)
But 8(n-n,) =1 only at n = n,, .
It is shown in Fig. F-3 | .T1
Thus Equation (2) becomes, - | ' n=0 n=n,
X (k) = 1.g2mn/N Fig. F-3

Similarly we can write,

Prob. 3 : Obtain N-point DFT of exponential sequence :
x(n)=a"u(n)for0<n<N-1
Soln. : According to the definition of DFT,
N-1
X(k) = Z X(n)e
n=0

~ j2mkn /N

Here x(n) = a"u(n)
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The multiplication of 2" with u(n) indicates sequence is positive. Putting x (n) = a" in
Equation  we get,

N-1 Ny
X (k) = z o e /N
n=0
~1 ionk /N
X(k) = ¥ (a7
n=0 '
Now use the standard summation formula,
N N N +1
I_A 2

: A
k
A ——
2 . 1-A
k=N, :
Here Nl =0, NE =N-1 and A =ae JZ%/N

(a ~J2mKINNO _ (o= i2mk/N N =141

X(k) = - | — ¢~ 12mc/N
_ N _-jmk
X(k) = 122 ¢
| _ g 127K/ N

Using Euler’s identity to the numerator term, we get,
e ™ = cos 2mk — j sin 21k
But k is an integer

cos 21k 1 and sin 2nk =0

e - 1-jo=1

N
X (k) = 1-a
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Prob. 4 :  Find the DFT of following window function,
w(n)=u(n)-u(n-=-N)
Soln. : According to the definition of DFT,

N-1

X(k) = ¥ x(n)e /N

‘n=0

(D

The given equation is x(n) =w(n) =1 for 0 <n < N-1. We will assume some value
of N. Let N = 4; so we will get 4-point DFT.

3

The range of k is from ‘0’ to N — 1. So in this case ‘k’ will vary from O to 3.

n=0

3 3
Fork=0=X(0)= Y 1-¢= Y 1=1+1+1+1=4
n=0 n=0

3

Fork=1=X(1)= Y ei2m/4

n=0
0 c—]21t/4+e-34n/4+e—16n/4

X(1) = e+

X(1)

X(1)
X(1)

1}

14(0-j)+(=1-0)+(0+j)
1-j—-1+j=0
3 3

Fork=2= X(2)= Y ¢&Zmxm/d_ v gim

X2
X(2)
X(2)

X(3)

X(3)

n=0 n=0

P L

m .. 2m ) 4w . . 4m
l+[COS 4 —J]sin 4 )+[COS 4 ”"JSln 4 J"‘(COS

2
om_ . 0T
g Ty

1+ (cosm—jsinm )+ (cos2m—jsin2m )+ ( cos 3m—j sin 37)
I1+(-1-0)+(1-0)+(-1-0)=1-1+1-1=0

3 3
Fork =3 = X(3) = Z e—j21t><3n/4= z e—j61m/4 .
n=0 ‘n:O
eO+e—j6n/4+e—j3n+e-j9n/2
1+(Cos-64—n—jsin%7£J+(cos3n—jsin3n)+(cos%ﬁ—jsin97n)

X(3)

1+(0+j)+(—1—0)+(0—j)= 1+j—1—j:0
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We can solve equations using Wi, let x(n) be written as xnand X(k) written as Xk

x(0) [ X (0) |
x(1) X(1)
o x(2) - X(2)
AN S 5 Xk - .
Xx(N=1) X(N-1)
fe:c -—le = ' ¢ -NX1
A=) =] =22 ... n=N-1
) § =
W ow w’ W
k=0 N N N N
0 1 9 N-1
e WN‘ WN WN WN
. N N N S
k=N-1 B I 1y
WO WN 1 WZ(N T3 g (N-1)
N N N N
N : “"NxN

Thus DFT can be represented in the matrix form as,

Xy = [Wilxg

Similarly, IDFT can be represented in the matrix form as,
1 *
Xy = N [: WN :| XN

Herg W; is complex conjugate of W
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We have,

But N =8

| R v J()707
k] ~ 0707 1 0.907
' owt ow? w11 1 1]
whowh owt oWt |1 - -1
we ow? owt ows| (1 -1 1 -1
wtowr owe w1 -1 =]
And for 2-points (N=2) Wnis:
kn 1} 1
A%
2 [1 -1
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Solved problems using Wy (Twiddle factor):

Prob. 1 : Determine 2-point and 4-point DFT of a sequence,
X(n) = u(n)-u(n-2)
Sketch the magnitude of DFT in both the cases.
-Soln. :  First we will obtain the sequence x ( n). It is represented as shown in Fig. F-5.

Y < Sptrdzton

Fig. F-5 : x(n) =u(n)-u(n-2)

Note: Using the Twiddle factor makes the computation of DFT very easy using Matrices,

Hence, using computers.

Page 8 of 28



x(n) = {1, 1}
Determination of 2-point DFT : _
For 2-point DFT, N = 2

- j2_7t

We have, W, = e "N

Wlm —jmkn

= e
2

We know that ‘n’ is from 0 to N— 1. In this
OtoN 1. In this case ‘k’ is from O to 1.

(1)

«(2)

case, ‘0’ is from 0 to 1. Similarly, ‘k’ is from

; kn ~jnkn -
Now the matrix Wy = W.2 = can be written as,
n=0" n=1
0 0
W
kn k=0 W2 2
W = -(3)
k=1 WO Wl
2 2
According to Equation (2) we have,
; .
Wkn - e T
2
—1 0
Forkn=0=>Wg =g e |
1 —-jmx1 -jn s
Forkn;1=>W2= e =e =cosm—jsinm = —1
Putting these values in Equation (3),
kn 1 1
= (4
w1 .
Now given sequence x (n) = {1, 1}. In the matrix form it can be written as,
1
Xy = x(n)=[l] ...(5)
Now DFT matrix is given by,
Xy = [Welxy
. 1 Lif1}_ (1><1)+(1><1)‘= 2
N L =1 [T (1x1)+(1x-1) 0
Thus 2-point DFT. is,
..(6)
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Magnitude plot :

, p—
We have, magnitude = ‘\j (Real part)?+ ( Imaginary part ¥

In Equation (6), the imaginary part is zero.

Thus magnitude at k = 0 is 2 and magnitude at k = 1 is 0.
This magnitude plot is shown in Fig. F-6.

Fig. F-6 : Magnitude plot

Determination of 4-point DFT :
For 4-point DFT, N = 4.

m jn
= o 4 _ 2
We have, WN = W4—e =g
. T
kn —j5kn
W o= 2 (7
N T8 i
The range of K and n is from O to N — 1. That means 0 to 3.
' n=0-n=1 n=2 n=3
r 0 0 0 0 17
k=0 W4 W4 W4 W4
2
. = WZ woW W,
[Wgl = W, = § 5 i " -(8)
k=2 w ' W W '
4 4 4 4
k=3 WO W3 WG w9
| 4 4 4 4 |
Now using Equation (7) we get,
) T
-0 —j=%0
W o=e 2 =&=1
4
w! —J'zzt-xl —j—g PN ;
Al =e =cosy—jsing =]
2 b =} .
W4=eJ2X " =cosT—jsinmw=—1
. T <31 ¢
3  mIgX3 =1y T W
W4—e =e -cosz Jsm2—+3
According to cyclic property of DFT.
0 4
W =W =1
4 4
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3
tn
o

4 4
W= w=wl= g
4 4”4
3 T

and W = W =W =4]
4 4 4

Putting these values in Equation (8) we get,

1 1 1 1
o= =1 4] :
1§ =1 -j

Now given sequence is,

x(n) = {1, 1}. We want the length of this sequence equal to 4. It is obtained by adding
zeros at the end of sequence. This is called as zero padding.

x(n) = {1,1,0,0}
[1
o 1] - .(10)
XN = X4— 0 .
0
Now the DFT is given by, XN = [WN]xN
't 1 1 1 17
B 1 -3 =1 j 1
Ay ==ty .1 1 -1]lo0
1§ -1 =i |0
[1+1+0+0 2
1-j+0+0 1-j
X = = —
N Xy 1=14040 | 0
1+j+0+0 1+j

1-j, 0;

- This DFT sequence can also be written as,
X, = {2+j0,1-j,0+j0,1+j}

4
T
k=0

Magnitude plot : The magnitude at different values is obtained as follows,

Fork=0= X (k) = \h2ﬁ+(m2=2
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\/(1)2+(—1)2 =V2 = 1414
Vo+0o=0 _IX(k)

\ﬁlﬁ+(ﬂ2-
1.

V2 =1414

This magnitude plot is shown in Fig. F-7.

Fork=1=1X(k)l

Fork =2 = IX(k)I

" Fork=3=1X(k)I
, ‘ ;._.__‘_..

Be o

Fig. F-7 : Magnitude plot

Prob. 2 : . Compute the DFT of four point sequence x (n) = {0, 1, 2, 3}
Soln. : - The four point DFT in the matrix form is given by, -

X4 = [W4]-x(n)
11 1
1 =i =1
% =01 o T
3§ -

[ 0+13249

| 0=j=2+3j
Xy = 023
O =03

Prob. 3: Calculate 8 Vpoint DFT of :
x(n)y = {1,2,1,2}
Soln. : First we will make length of given sequence ‘8’ by doing zero padding.

x(n) = {1,2,1,2,0,0,0,0} - (D)
jom |
We have, WN = e N
.2 bid
kn -j= -—jzkn
W = g V8 mp L4 )

Here the range of K and n is from 0 to N — 1 that means from 0 to 7.
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Now the matrix W:n is as follows, '

n=0 n=1 n=2 n=3 n=4 n=5 n= n=7
0 0 0 0. 0 0 0 0
k=0l W w. w owo ow ow oW W
8 8 8 8 § 8 - .8 8
0 | 2 4 5 6 7
k=1 wWow W ow w W w W
8 8 8 8 8 8 -8 8
0 2 4 6 8 10 12 14
k=21 W W W w20Ow W W w
8 8 8 8 8 8 8 8
k=3 WO w3 w6 W9 w12 WIS W18 W21
8 8 8 8 8 8 8 8
[W,] = -3
e ) WO W4 WS W12 Wl6 W20 w24 w28
8 8 8 8 8 8 8 8
k=50 w' W ow? w® w® W w? W
8 8 8 8 8 8 8 8
k=6 WO W6 W12 W18 W24 W30 W36 W42
8 8 8 8 8 8 8 8
= 7 14 28 5 42 49
=70 w0 W owt W W W w? ow
T 8 8 8 8 8 8 8 |
k
In Table F-1 we have already obtained different values of Wgn.
0 8 24 2 40
W WaW =W W W e =1
8 8 8 8 8 8
1 9 17 25 33 41 49
W = W =W =W =W =W =W =. =0707-j0707
8 8 8 8 8 8
W2 _ WlO _ 18 _ 26 . 34 _ W42 _ = —j
8 8 8 8 8 8
3 11 1 27 35 43
wos wlaw aw W awP o - —0707-j0707
8 8 8 8 8 8
%)
W Wl WP e wB o wE oWt
8 8 8 8 8 8
3 13 21 29 37 45
W = W =W =W =W =W = =-0707+]0707
8 8 8 8 8 8
W6 - W]4 _ W22 - W30 - W38 _ W46 N -
8 8 8 8 8 8
7" 15 23 31 39 47
W = W =W =W =W =W =..=0707+j0707
8 8 8 8 8 8
Now the DFT is given by,
Xy = [Wlx, (4
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T

Putting values of W8 in Equation (3) and write X, in matrix form we get,

1 1 1 1 1 1 1
1 0707-j0.707 -j -0.707-j0.707 —1 -0.707+j0.707 |
1 ={ -1 j ‘1 e i =
1-0707-j0.707 | 0707-j0.707 -1 0707+j0.707 -]
1 -1 1 . -1
1 -0707+j0707 ~j 0.707+j0.707 -1 0.707-j0.707 |
1 j -1 - *

1 0707+j0.707 j -0.707+j0.707 -1 -0.707-j0.707 -j

[ 1+2+142+0+0+0+0
1-j2-1+j24+0+0+0+0
1-24+1-2+0+0+0+0
i+j2—1—j2+0+0+o+0

6
1-j2414
0
1~j1.3828

8 3
1+j1.828
0
| 1+j3.828 |

1

0.707 +j0.707

j
-0.707 +{0.707
=
- 0.707 - j 0.707
=]

0.707 -j0.707

1+1414-j1414-j-1414-j1.414+0+0+0+0
1-1414-j1414+j+1414-71.414+0+0+0+0
1-1414+j1414~j+1414+j1.414+0+0+0+0

_1+14m+jLm4+j—LM4+ij4+0+0+o+oj

This is the required DFT.
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Prob. 4 : Determine the length-4 sequence from its DFT.
X(k) = {4v 1_j: "’2’ 1 +j}
Soln. : The IDFT in matrix form is given by,

(1)

Here X is the given DFT matrix. ‘** indicates complex conjﬁgate. To obtain the complex
conjugate, we have to change the sign of j term. For example, complex conjugate of 1—jl is 1 + jl.

Now we have already obtained the matrix W, in problem (1). It is,

11 1 1]
11 =i -1 ]
[w4] - 1 _1 1 _1 - ...(2)
Sl S B
1 1 1 1]
. 1L J=1 =j ‘ ’
[W4] =171 -1 1 -1 +(3)
|1 =f =1 j]

Given matrix of DFT is,
4
=] ;
5 = %= g -(4)

1+]

X

~Putting Equations (3) and (4), and putting N = 4 in Equation (1) we get,
I R -

11 -1 =it
N= 4|1 -1 1 =1}| -2
| b =§ =1 )] h+i
[(44+1-j-2+1+] 4

4+i-P+2-j-F |_1| 4+2+1+1

N= 4la-1+j-2-1-j | 4| 4-4
dof $PLBHAT 4+2-2

| =

....as j2 =-1

Fal
I
Il

54
1]
N
OO0 M
1]

—_ N
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Prob. 5 : Calculate the DFT of a sequence x (n) = {1, 1, 0, 0} and check the validity of your
~ answer by calculating its IDFT.

Soln. : We will compute 4 point DFT. We have already obtained the matrix for [W, ] Itis,

' 1 1 1 1

1 -j =1 j

1 -1 1 =1

I +j -1 —j

[(W,] =

Now given sequence is x (n) = {1, 1, 0, 0}
The DFT of this sequence is calculated in problem (1). It is Xy=X ( k) ={2,1- _], 0, 1+j}

Now we will check this answer by using the formulas for IDFT.
The IDFT is given by,

x(n) = %[W;:I XN
A ‘ 1 1 1 1
; * B * _ 1 ] _..1 -]
Here {WN] = [W“}— 1 -1 1 -]
1 =3 -1 ]
2
- o115
and XN = X4— 0
L1+]
' (11 1 1] 2
-t 4 Bl s )
x(m)y =711 -1 1 Zi|| o
_1 -j -1 j 1+j
[ 241-j+0+1+j | 4 ‘
s glE) = 11 2+j+1%0-j+1|_114
' T 4(2-1+j+0-1-j| 4]0
2-j-1+0+j-1 0
1
-1
x(n) = 0
0

That means x (n) = {1, 1, 0, 0}

This is same as the given sequence; so calculated DFT is correct.

Prob. 6 : :
ro ”y(n)=[x(n)+2x( n)j

Find Y (k) if X (k) = {05,2+},3+}2,1,8,-j,3-j2, 2]
Soln. :  We have,

y(n) = [X(")Jrzx(—“)] )
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Taking DFT of both sides we get,

[X(k)+X(-k)] ....(2)

Y (k) = A
Given X (k) = {052+]j,3+j2,j,3,-j,3-j2,2-j}
X(-k) = {05,2-j,3-j2,-j,+3,},3+j2,2+j]

Putting these values in Equation (2) we get,
Y(k) = 3(1,4,6,0,6,0,6, 4]

‘= {05, 2, 3, 0,6

Properties of DFT :

In this section we Will study some important properties of DFT. We know that, the DFT of
discrete time sequence, x (n) is denoted by X (k). And the DFT and IDFT pair is denoted by,
‘ DFT -
x(n) «— X(k) '
N

Here ‘N’ indicates ‘N’ point DFT.

Linearity : ‘ ,

o DFT ' DFT

Statement : If x,(n)e— X, (k)andx,(n)«— X, (k) then,
‘ N N

DFT
a, xl'(n)+azx2(n) ] X, (k)+a X, (k) -
‘ N ‘

Periodicity :

DFT .
Statement : If x(n) «— X(k) then
N .
x(n+N) = x(n) for all n
and X(k+N) = X (k) for all k.
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Circular Convolution :
Statement :

The multiplication of two DFTs is equivalent to the circular convolutlon of their
sequences in time domain. .
Mathematical equation :

DFT

DFT
If x (n) «— X](k)'andxz(n)<—~>X (k) then,
N

DFT
xi(n)® xz(n) m——) X](k}-Xz(k)

Here@ indicates circular convolution

Prob. 1: Given the two sequence of length 4 are

x(n) = {0, 1,2, 3}

hin) = {2, 1,1, 2}
Find the circular convolution

Sol: here the given sequences are of length 4 so N = 4, so the circle will have only 4 points
as shown:

Soln. :

According to the definition of circular convolution

N-1

y(m) = 3 x(n) x, (m-n)y

n=>0

i

IR PRI S

BRSNS SO

x(n)_{O 1, 2, 3}

Fig. F-11 (a) Fig. F-11 (b) : h(n) = {2, 1, 1, 2}
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Step 1 - Finding y (0) here m = 0 makes the equation like this:

_ 3 : ,
y(0) = Y x(n)h((~-n)),
n=0

y(0) = (OX2)+(1Xx2)+(1x2)+(3x1)=0+2+2+3

h(2)

R |
Y x(n)h((-n)),
n=»0
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Step 2 - _
Calculation of y (1) : Puttingm =1 in
| 3
y(1) = 2 x(m)h((1-n)),

n=0

y(I) = (OxX1)+(3x1)+(2x2)+(1x2)=0+3+4+2

Step 3:

"~ th((-n+1)),.

Calculation of y(2): Puttingm=2in
3 o
y(2) = D, x(n)h((2-n)),

n=0

New starting
position —

:h((-n+2)),

y(2) = (0x1)+(3x2)+’(2><-2)+(1><1)=0+I6+4+1
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Step 3:

Calculation of v (3)
Putting m = 3 in Equation

3

y(3) = ), x(n)h((3-n)),
n=0

Y(3) = (0x2)+(3X2)+(2X1)+(I1x1)=0+6+2+1

Fig. F-11(1) : h{((-n+3)),

Now the resultant sequence y (m ) can be written as,
y(m) = {y(0),y(1),y(2),y(3)]

(m)

Prob. 2 :  Using graphical method, obtain a 5-point circular convolutiog of two DT signals defined
as, : ‘
x(n) (1.5)", 0sn<2
y(n) = 2n-3, 0<n<3
Does the circular convolution obtained is same to that of linear convoiution ?

Il

Soln. . First we will obtain the sequences x (n) and y (n) by putting' values of n as follows :
Given, ' x(n) = (15), 0<n<2
CForn=0 = x(0)=(15)=1

Forn=1 = x(1)=(15) =15
Forn=2 = x(2)=(15)" =225

x(n) = {1, 1.5, 2.25} (D
Now y(n) = 2n-3,0<n<3 '
Forn=0 = y(0)=0-3=-3
Forn=1 = y(1)=2-3=-1
Forn=2 = y(2)=4-3=1
Forn=3 =2 y(3)=6-3=3
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y(n) = {-3,-1,1,3]

wild)

It is asked to calculate 5-point DFT. That means length of each sequence should be 5. This

length is adjusted by adding zeros at the end of each sequence as follows (zero padding) :

x(n) {1, 1.5, 2.25, 0, 0}

{— 31 - l’ 1’ 3’.0.}‘

and y(n)

Now according to the definition of circular convolution we have,
Here the given sequences are x (n) and y (n) and length N = 5.
4

y(m) = Y x(n)y((m-n))j

@) x(mn) = {1, 1.5, 2.25, 0, 0} ) y(n)={-3,-1,1,3,0)

4

y(0) = 3 x(n)y((=n));

:y((—n))

y(0) = [1x(=3)]+[0x(—1)1+[0x1]}+[225x3]+[1.5%0]
=-3+0+0+675+0

3
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New starting
| positio

1
i
§

i

T
n(éflvn}rs«

4

P
E
)‘

y(2)=[1X1]1+[0x3]+[0x0]+[225%(-3)]+[15%(~1)]=1+0+0-675—1.5

y(3) = [1x3]+[0x0]+[0x(-3)]+[225x(~1)]+[1.5x1]
= 3+40+0-225+15 '

y(4) [1x0]+[0><(—3)]+{0><(—1)]v+[2.25'><1]+{I‘5x3]

0+0+0+225+45 -

y(m) = {375, -55, -7.25, 2.25, 6.75}
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Comparison with linear convoiution :

We will obtain linear convolution of two sequences using tabular method. We have,
x(n) = {1, 15, 225} = {1, 15, 2.25, 0}
{—~3,-1, 1 3}

x(n)*y(n)

and y(n)

Let ¥ (rn')

The linear'convolution of x(n) and y (n) is shown in Fig. F-12(m).

Q) N\ D
SN W
12 15 ¢ 225 7 ¢
G
”/ ’//A ,/, L.//\V\
4| S, D "= '7,53” Q.. Q
AR
A A A NE 2R g T
- P _’ e \6\
/’ ,// //, ,/’ &\;'\
1M 1 ,-715 _.77225 .77 0
#7, w7 //, /,, \6\
// .// e ,/ L//\;’\
31 3,,/ 4.5//' 6.7//’ 0 o
x(n)*y(n)
From Fig.
| y,(0) = -3
y, (1) = =1-45=-55
y, (2) 1=15=675 =—T725
y (3) = 3+15-225=225
y, (4) 45 + 225 =6.75
¥,(5) = 675+0=6.75
y,(6) = 0
Thus  x(n)*y(n) = {-3,-55,-725,225,6.75,6.75,0}
Equations show that circular convolution and linear convolution are not same.
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Prob. 4 :
X, (n)=@1,23,1)

T
X;(N) = (4,8, 2,2

T

Soin. : The four point DFT of x,

X, (k)

We have, [W,]

4

X, (k)

X, (k)

X, (k)

Similarly, X, (k)

%K)

1l

X, (k)

X, (k)

Use the four point DFT and IDFT to determine the circular convolution of sequences

(n)is Xl (k) and it is given by,

= [W,xy
[y £ *0. ¥
|1 =i -1
“ 1l -1 I =1
R S B}
(1.1 1 "11r1
_|1 - -1 ]2
— 11 =] 1 -1 3
1§ -1 -}[%
[ 14243431 7
_l1-2i-3+j|_|-2-j
T 112581 | 1
1+2j-3~j —2+4]j
= {7,-2-j,1,-2+j]} D
= [W, )%y
1 1 1 174
1 -j -1 j|]|3:
1 -1 1 -1]]2
1y -1 -2
[ 4+3+2+2 11
4-3j-2+2j | _|2-j
4-3+2-2 || 1
4+3;-2-2 2+]

{11,2-j,1,2+j}

Now according to property of circular convolution,

x (n) @ x,(n) s X, (k) X, (k)= X, (k)

X, (k)

X, (k)

{7,—2—L1,—2+jy{n,+2—jJ,2+H

{77.~5,1,-5)}
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Let the result of x, (n) @ X, (n) be sequence x5 (n). It is obtained by computing IDFT of

X3 (k). According to the definition of IDFT we have,

1 *
xy(n) = GIW 1-Xy
- Liw'rx
B 1 1 1 77
R A T A -5
0 =21 21 1 - 1
h] -j =1 +j -5
[ 77-5+1-5 68 17
(n) = L] 77-5i-1+5 _1|76|_| 19
3 T4 77+5+1+5 | 4|88 22
| 77+45i-1-5) 6] |19

Considering real_part only, approximately sequence X, (n) can be written as,

(n) = {17, 19, 22,

Prob.

3 : Determine the sequence

y(n) = X(“J@h(n)
where x(n) = {1,.2, 3 1}
_ T
and hin) = {4, 3,2, 2}
T

Soin. :

We have, y(m) = xz(n)@)xl(n):h(n)@x(n)

Using matrix method,

Here  x(0)=1, x(1)=2, x(3) =3, x(3)=1
and h(0) =4, h(1)=3, ~h(2)=2, h(3)=2
Here N=4

In the matrix form we have

Plaky Pt Pk

AY \ A

o] [ho fwh ] [0 ]
(1) b | b0 | b | h) x(1)
¥ [ (b | L he ) x(2)
_m) | e - 1@ - h(1) - n) 3 |
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[yo)] T[4 2 2 37[1
y(1)| _ |3 4 2 2|2
y(2)| " |2 3 4 2]|3
y(3)[ |2 2 3 4]|1
[y(0)]  [(4x1)+(2x2)+(2x3)+(3x1)] [ 4+4+6+3
y(1) (3X1)+(4%2)+(2x3)+(2x1) 3+8+6+2
y(2) (2x1)+(3x2)+(4x3)+(2x1) | | 246+12+2
y(3) (2x1)+(2x2)+(3x3)+(4><1) 2+4+9+4
(y(0)] T177
y(ry | _ {19
y(2) 22
y(3) | |19
y(m) = x(n)@ h(n)=1{17, 19, 22, 19}
Prob. 6 : Compute the circular convolution of following sequences and compare the resulls with

-linear convolution.
Cox(n) = {1, 1, 1,1, -1, -1, =1, -1}
andh(n) = {0, 1,23, 4,3, 2 1}

Soln. : We have,

y(m) = x(n) @ h(n)

v (0)] 1 -1 -1 -1 -1 1 1 17 [ o 1
ycl)y{ 1 1 -1 -1 -1 -1 1 1 1
y(2) 1 1 1 -1 -1 -1 =1 1 2
y(3) 1 T | -1 -1 -1 -1 3
y(4)| < -1 1 1 1 1 -1 -1 -1 4
y(3). -1 =1 1 1 1 1 -1 -1 3
y(6) -1 -1 -1 1 1 1 1. -1 2
|y (7)) -1 -1 -1 -1 1 1 1 1 1
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Fyitt)] - [0-1~2=8-45343%17 [~47
y(1) 0+1-2-3-4-3+2+1 i
y(2) 0+142-3-4-3-2+1 o
y(3) 0+1+2+3-4-3-2-1 4
y(4) i 0+1+2+3+4-3-2-1 ) 4
y(5) 0-1+2+3+4+3-2-1| 8
y(6) 0-1—-2%34443+2-1 18
L ¥ (7) | _0—1—2—3_+4J}3+2+1~ 4]
y(m) = x(n) @ h(n)={-4, -8, -8 -4,4, é, 8, 4} (1)
T

Now we will obtain linear convolution of given sequences as shown in Fig. F-13.

& AN Q) S\ > &) Q)
,)\ {;\\, L & f\ ECA
1 1 1 @ q & 4 1 ¢ 4 7 4 ™
- = ~ - = - W\
0| 0-570 ™D ¥ 0 "0 0 "0 " 0 . @
S S P e a7 o il - \?)
’/’ #7 ,” ,’/ -7 ,”. s - é*

1 1//// 1/” 1/// 1/.’/’ _1 -7 ~1//// _1//// —’/’ \!\g\
,/’ /’/ ,// /// ,’/ 4 i ’// /// é
212 72 272 72 72 272 272 272 0 oD
’/,/ /,/ /// ,/// /// - /// ’// &\;

3 3//// 3//// 3/,/ 3/’/’ —3//// -_‘j///’ —g/ _:}// \;\’\’\\
4 f’/// 4’/-,/ i/,// 4,///_//,// ——4//// —4//// 4/ \;K'\{L\

2 //’/ /,/ /// /’: ///_ ///_’2 -

3 ?/ 3,778 778 78 73 137 3 \!\,\q,\
2 L 2 ////2 ////2 //,/2 /,//—2 /,,/-2/ //_2/,,/ 2’& \'\b‘\
//‘/ ’// //’ /// /// //, /// ’/, \¥

BT P Pl W G PR

Fig. F-13 : x(n)*h(n)

y(n) = x(n)*h(n)
y(a) = {8 15,6 10, 11, 9.4, ~4, ~9, ~ 11, 10, ~6,~3, <1} ..@

From Equations (1) and (2) we can conclude that the results of circular convolution and linear
convolution are not same. ‘

More examples in Reference DSP Katre page 594
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